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Abstrat
The rst part of this paper is a survey on Teihmüller urves and Veeh
groups, with emphasis on the speial ase of origamis where muh stronger
tools for the investigation are available than in the general ase.
In the seond part we study a partiular onguration of origami urves
in genus 3: A base urve is interseted by innitely many transversal
urves. We determine their Veeh groups and the losure of their lous in
M3, whih turns out to be a three dimensional variety and the image of a
ertain Hurwitz spae in M3.
By an origami we mean a losed surfae endowed with a translation struture
that omes from glueing a ertain number of squares. Variation of the translation
struture leads to a 1-parameter family of Riemann surfaes, whih in turn de-
termines an algebrai urve in the moduli spae of Riemann surfaes. For every
genus g, there are ountably many suh origami urves in Mg. So far, not muh
is known about the ongurations of origami urves in general.
In a previous paper [HeS 05℄, we found an origami W of genus 3 for whih the
origami urve is interseted by innitely many other origami urves. We all this
onguration a omb although this name is misleading in several respets: rst,
it may (and does) happen that a transversal urve intersets the base urve in
more than one point. And seondly, the transversal urves do not all lie in one
plane, not even on a surfae: in fat, one main result of this paper is that the
losure of the set of transversal origamis is a three dimensional algebrai subva-
riety of the moduli spae M3 that we desribe expliitly.
As a seond main result we determine the Veeh groups of the transversal origamis.
We shall explain in Setion 1.2 and 2.2 how to dene the Veeh group of a trans-
lation surfae and that, for an origamiO, it is a subgroup Γ(O) of SL2(Z) of nite
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index. Its importane for the origami urve C(O) lies in the fat that C(O) is
birational to H/Γ(O) (where H is the upper half plane).
The rst two setions of this paper give a survey of Teihmüller urves in general
and origami urves as speial ases. In partiular we desribe the Veeh groups
orresponding to Teihmüller disks and to origamis. In Setion 3 we review the
results of [HeS 05℄ on the speial origami urveW . The last two setions ontain
the new results of this paper. In Setion 4 we determine the losure of the lous
of the transversal origamis and relate it to the Hurwitz spae of ertain overings
of ellipti urves. In Setion 5 we show that the Veeh group of a transversal
origami has index 3 in the stabilizer group of the orresponding onguration of
ritial points. These are n-torsion points on an ellipti urve for varying n. If n
is odd, we expliitly desribe the Veeh group.
1 Teihmüller urves and Veeh groups
In this setion we explain what Teihmüller urves are. They are speial algebrai
subvarieties of the moduli spae Mg of omplex (regular) algebrai urves of
genus g. They our as images of one-dimensional analyti subvarieties of the
Teihmüller spae Tg, namely Teihmüller disks, whih are natural with respet to
the holomorphi struture on Tg as well as to the Teihmüller metri. Teihmüller
urves are losely related to Veeh groups, ertain subgroups of SL2(R). For a
general introdution to Teihmüller spaes and the Teihmüller metri see e.g.
[ImTa 92℄.
Denition 1. Let ι : H →֒ Tg be an embedding of the upper half plane H into
Teihmüller spae that is holomorphi and isometri (with respet to the Poinaré
metri on H and the Teihmüller metri on Tg).
a) The image ∆ of suh an embedding is alled a Teihmüller disk.
b) If ∆ projets to an algebrai urve C in the moduli spae Mg, then this
urve C ⊆Mg is alled a Teihmüller urve.
First examples of Teihmüller urves were given by Veeh in [Ve 89℄. Sine then,
several authors have been working on this subjet. The reader an nd a detailed
overview and further hints to literature e.g. in [HeS 06℄. In this setion we give a
short introdution without proofs in order to provide the reader with the general
ideas and explain everything that one needs to understand the results in Setions
4 and 5. For details and proofs we refer the reader to [HeS 06℄.
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1.1 Constrution of Teihmüller disks
Teihmüller disks are obtained in the following way: Let X be a Riemann surfae
and q a holomorphi quadrati dierential. By integration q naturally denes a
at struture µ on X\{zeroes of q}, i.e. an atlas suh that all transition maps
are of the form
z 7→ ±z + c with c ∈ C.
For eah A ∈ SL2(R), one gets a natural variation of the at struture: Compos-
ing eah hart with the ane map z 7→ Az denes a new at struture µA. We
use here and in the whole artile the R-linear identiation of C with R2 that
maps {1, i} to the standard basis of R2.
Observe that the at struture µA is in partiular a holomorphi struture on
the topologial surfae underlying X that will in general not be holomorphi-
ally equivalent to µ. Furthermore, the identity map denes a dieomorphism
id : Xµ → XµA between the Riemann surfaes Xµ := (X, µ) and XµA := (X, µA)
whih is again in general not holomorphi. Altogether one obtains a map
ι : SL2(R)→ Tg, A 7→ [XµA , id].
If A is in SO2(R), then z 7→ A · z is in fat biholomorphi, thus the map ι fators
through the quotient by SO2(R) and one obtains the map
ι : H = SO2(R)\SL2(R)→ Tg ;
one an show that ι¯ is a holomorphi and isometri embedding. Thus its image
∆ = ∆µ is a Teihmüller disk.
1.2 Veeh groups
In order to study Teihmüller urves one needs to projet the Teihmüller disk
∆ = ∆µ dened as above to the moduli spae Mg by the natural projetion
proj : Tg → Mg. In general, the Zariski losure of the image will be large,
i.e. higher-dimensional. Only oasionally it is one-dimensional and proj(∆) is
a Teihmüller urve C. The Veeh group introdued in this subsetion makes it
possible to deide whether this happens or not; and if it happens the Veeh group
knows how the Teihmüller urve looks like.
Denition 2. Let X∗ be a Riemann surfae together with a at struture µ.
a) A dieomorphism f : X∗ → X∗ is alled ane, if it is loally ane; i.e. in
terms of the harts of the at atlas µ it is of the form:
z 7→ Az + c with A ∈ GL2(R) and c ∈ C. (1)
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b) Observe that the matrix A ∈ GL2(R) is independent of the harts up to the
sign. Let A
+(X∗, µ) be the group of orientation preserving ane dieo-
morphisms and
D : A+(X∗, µ)→ PSL2(R), f 7→ [A],
with A as in a) and [A] its lass in PSL2(R). The projetive Veeh group
Γ¯(X∗, µ) is the image of D in PSL2(R). Hene, it ontains the lasses of all
matries that our in (1) for orientation preserving ane dieomorphisms
f on (X∗, µ).
Remark:
1. For the examples of at surfaes that we will study in this artile, the at
struture is in fat a translation struture, i.e. all transition maps are translations.
In this ase the matries in (1) are in fat independent of the harts. With the
notation from above one has a map A
+(X∗, µ)→ GL2(R), whih we also denote
by D. We all its image the Veeh group Γ(X∗, µ). For f ∈ A+(X∗, µ), we all
D(f) ∈ Γ(X∗, µ) the derivative of f .
Furthermore, if (X∗, µ) is obtained from a losed Riemann surfae X together
with a quadrati dierential q as desribed in 1.1 with X∗ ⊆ X\{zeroes of q},
then q denes a translation struture if and only if q is the square of a holomorphi
dierential on X . In this ase Γ(X∗, µ) is a subgroup of SL2(R). We denote the
group of orientation preserving ane dieomorphisms of X∗ also by A+(X, µ),
the Veeh group by Γ(X, µ) and the projetive Veeh group by Γ¯(X, µ).
2. One may observe from the denitions that
Γ(X, µA) = A · Γ(X, µ) · A−1,
where the at struture µA is dened as in Setion 1.1. Hene, Veeh groups for
at surfaes on the same Teihmüller disk are equal up to onjugation in SL2(R).
Reall that the natural projetion Tg →Mg is the quotient map by the mapping
lass group
Γg := Di
+(X)/Di+0 (X),
where Di
+(X) is the group of orientation preserving dieomorphisms and Di+0 (X)
onsists of the dieomorphisms homotopi to the identity.
Let ∆ = ∆µ be a Teihmüller disk as in Setion 1.1. For our purposes, the fol-
lowing well known properties of the ane group and the Veeh group Γ of (X, µ)
are important:
• The ane dieomorphisms are preisely the dieomorphisms that stabilize
∆, i.e. map ∆ to itself.
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• The kernel of D : A+(X, µ) → Γ ⊆ SL2(R) onsists of those dieomor-
phisms that at trivially on ∆. Consequently, one has:
Γ ∼= A+(X, µ)/kernel of D ∼= global stabilizer/pointwise stabilizer
(2)
• By the identiation ι : H→ ∆, the ation of Γ on ∆ given by (2) beomes
equal to the ation of Γ∗ := RΓR−1 ⊆ SL2(R) on H as Fuhsian group with
R =
(−1 0
0 1
)
.
Thus the map proj : ∆→ proj(∆) ⊆ Tg fators through H/Γ∗.
Observe that H/Γ∗ is an algebrai urve if and only if the quotient has nite
volume, i.e. if Γ is a lattie in SL2(R). We put these results together in:
Theorem A
1
Let ∆ be a Teihmüller disk in the Teihmüller spae Tg.
• The image proj(∆) is an algebrai urve C in Mg, if and only if the Veeh
group Γ is a lattie in SL2(R).
• In this ase, H/Γ∗ is the normalization of the algebrai urve C.
Hene, the Veeh group detets, whether a Teihmüller disk leads to a Teihmüller
urve and, if this happens, it determines the Teihmüller urve up to birationality.
2 Origamis
One way to obtain partiular at surfaes is given by the following onstrution:
Take nitely many unit squares and glue their edges by translations, suh that:
• Eah left edge is glued to a right one and vie versa.
• Eah upper edge is glued to a lower one and vie versa.
• The resulting surfae X is onneted.
X arries in a natural way a at struture dened by the unit squares. Atually
one has even more, namely a translation struture, sine the glueings are done
by translations.
Surfaes obtained this way are alled square tiled surfaes or origamis as Pierre
Lohak baptized them in [Lo 05℄ due to the playful harater of their denition.
The baby example is to take only one square. There is only one possibility
to glue its edges aording to the rules and one obtains a torus. In fat this
1
For a general introdution to algebrai urves and algebrai geometry we refer to [Ha 77℄.
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example is universal in the following sense: Eah other surfae X obtained by
the onstrution above allows a morphism to the torus by mapping eah square on
X to the unique square of the torus. This morphism is unramied exept for the
one point on the torus that omes from the verties of the square. Conversely, a
surfae that allows suh a overing an be obtained by glueing squares aording
to the rules above. This motivates the following denition for (oriented) origamis.
Denition 3. An origami O is a overing p : X → E from a topologial surfae
X to the torus E that is ramied at most over one point ∞ ∈ E. Two origamis
O = (p : X → E) and O′ = (p′ : X ′ → E) are said to be isomorphi, if there is
some homeomorphism f : X → X ′ suh that p′ ◦ f = p.
One then obtains the at struture µ on X equivalently as follows:
• Identify the torus E with C/ΛI , where ΛI is the lattie in C generated by
1 and i.
• Take the natural translation struture on E = C/ΛI oming from loally
reversing the universal overing C→ E.
• Lift it by the unramied overing p : X∗ = X − p−1(∞)→ E∗ = E − {∞}
to the translation struture µ on X∗.
Obviously, isomorphi origamis dene isomorphi translation surfaes. Note that
for origamis the translation struture omes from the holomorphi quadrati dif-
ferential ω2 = p∗(ω2E) on X , where ωE is the (essentially unique) holomorphi
dierential on E.
2.1 Desription of origamis
One advantage of at surfaes oming from origamis is that they are desribed by
only few ombinatorial data: the glueing data that reord whih square is glued
to whih one (in horizontal resp. in vertial diretion). The equivalent desription
in terms of Denition 3 is the monodromy
π1(E
∗)→ Sd,
where d is the degree of p and Sd is the symmetri group. Observe that the
fundamental group π1(E
∗) is the free group in two generators. The images in Sd
of the two generators x, the horizontal losed urve on E∗, and y, the vertial
losed geodesi, give preisely the glueing data.
For a third equivalent desription pointed out in [S 04℄ observe that, by the
theorem of the universal overing, the unramied overing X∗ → E∗ gives an
embedding
U = π1(X
∗) →֒ π1(E∗) = F2 (3)
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of index d equal to the degree of p. Vie versa one obtains, again by the theorem
of the universal overing, to eah suh subgroup U of F2 a overing p as in
Denition 3. Hene, origamis orrespond to nite index subgroups of F2.
2.2 Veeh groups of origamis
A seond advantage of origamis is that one has an alternative approah to their
Veeh groups, whih we desribe in this subsetion. It makes them easier to han-
dle than those of general at surfaes.
Let O be an origami and (X, µ) the at surfae that it denes.
Denition 4. The Veeh group of the origami O is the Veeh group of (X, µ)
Γ(O) := Γ(X, µ)
One may start with the baby example from above: the origami with only one
square; in terms of Denition 3 it is the overing O = (id : E → E). The at
surfae then is C/ΛI . Its ane dieomorphisms ome from ane dieomorphisms
of C that desend to C/ΛI . Hene, they are preisely the ane dieomorphisms
preserving the lattie ΛI = Z⊕ Zi . Thus Γ(O) = SL2(Z).
For a general origami O the Veeh group is always a nite index subgroup of
SL2(Z):
Γ(O) ⊆ SL2(Z)
The onverse also holds: By the Theorem of Gutkin and Judge in [GuJu 00℄ a
Veeh group is a nite index subgroup of SL2(Z) if and only if the translation
surfae omes from a one ramied overing of a torus.
One may now use the above desription of origamis by nite index subgroups of
F2 to determine the Veeh group. In [S 04℄, the following haraterization was
given:
Theorem B:
• Let U be the nite index subgroup of F2 dened in (3) for the origami O.
• Let βˆ : Aut(F2)→ GL2(Z) = Out(F2) be the natural projetion and
Aut
+(F2) := βˆ
−1(SL2(Z)).
• Let Stab(U) := {γ ∈ Aut+(F2)|γ(U) = U} be the stabilizing group of U
Then for the Veeh group Γ(O) holds: Γ(O) = βˆ(Stab(U)).
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Remark: The proof of Theorem B is based on the theorem of the universal
overing. One uses a xed universal overing u : H → E∗I = C/ΛI − {∞}. One
then onsiders the group
A(H, u) := {f˜ ∈ Di+(H)| f˜ desends via u to an ane map on E∗I}.
In fat, this is the group of ane dieomorphisms of H with respet to the
translation struture that omes as lift via u from the one on E∗I . One then has
the isomorphism:
∗ : A(H, u)→ Aut+(F2), f˜ 7→ (γ : w 7→ f˜wf˜−1).
Here we use that F2 = Gal(H/E
∗
I ) is the group of dek transformations. If
one now has an origami O = (p : X → E), one may restrit to those ane
dieomorphisms on H that desend to X∗ and obtains the following ommutative
diagram:
{f˜ ∈ A(H, u)|f˜ desends to X∗}
D

⋆ //
Stab(U)
βˆ

Γ(O)
id // βˆ(Stab(U)) ⊆ SL2(Z)
The map βˆ : Aut+(F2)→ SL2(Z) an be given expliitly as follows: Let ♯x(w) be
the number of ourrenes of x in w (with x−1 ounted as −1) and similarly for
♯y(w). Then
βˆ(γ) =
(
♯x(γ(x)) ♯x(γ(y))
♯y(γ(x)) ♯y(γ(y))
)
.
2.3 Teihmüller urves of origamis
A further advantage of at surfaes oming from origamis is that they always de-
ne Teihmüller urves: As we have mentioned in the last subsetion, their Veeh
groups are nite index subgroups of SL2(Z) and thus latties in SL2(R). Hene
the Teihmüller disk ∆ dened by suh a surfae always projets to a Teihmüller
urve in the moduli spae (see Setion 1.2).
Observe that omposing eah hart of the translation surfae C/ΛI with the
ane map z 7→ Az with A ∈ SL2(R) is equivalent to taking the translation
surfae C/ΛA, where ΛA is the lattie
ΛA =<
(
a
c
)
,
(
b
d
)
> for A =
(
a b
c d
)
.
Here again we identify C with R2.
Therefore one may desribe the Teihmüller disk ∆ dened by an origami O =
(p : X → E) as follows:
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• For eah A ∈ SL2(R) let ηA be the translation struture on E obtained by
identifying E with C/ΛA.
• Let µA be the lift of ηA to X∗ = X\p−1(∞) and all XA = (X, µA).
Then the Teihmüller disk ∆ is given as
∆ = {[XA, id]| A ∈ SL2(R)},
where, as before, id is topologially the identity on X , whereas the holomorphi
struture on X is hanged.
We denote the Teihmüller urve dened by an origami O = (p : X → E) by
C(O) and all it an origami urve; reall that it is the image in the moduli spae
of the Teihmüller disk ∆. It is possible to deide whether two origamis indue
the same origami urve in terms of the subgroup U ⊂ F2 assoiated to an origami
in Setion 2.1:
Proposition 5. Let O = (p : X → E) and O′ = (p′ : X ′ → E) be two origamis
and U (resp. U ′) the orresponding subgroups of F2. Then
a) O is isomorphi to O′ if and only if U is onjugate to U ′ in F2.
b) C(O) = C(O′) if and only if there is a γ ∈ Aut+(F2) suh that γ(U) = U ′.
Proof. a) By denition, O is isomorphi to O′ if and only if there is a dieomor-
phism f : X → X ′ satisfying p = p′ ◦ f . Then also the unramied overings
X∗ → E∗ and (X ′)∗ → E∗ are isomorphi, and hene π1(X∗) is onjugate to
π1(X
′)∗ in π1(E
∗).
b) C(O) is equal to C(O′) if and only if there is a dieomorphism f : X → X ′ suh
that p∗(ωE) is equal to f
∗((p′)∗(ωE)) up to a multipliative onstant in C, where
ωE, as before, is the holomorphi dierential on E = EI . Equivalent onditions
are that f desends to an ane dieomorphism of E or that f lifts to an element
f˜ ∈ A(H, u) in the notation of the remark following Theorem B. Under the
isomorphism ∗ in the same remark, suh an f orresponds to an automorphism
of F2 that maps U to U
′
.
3 The quaternion origami
In this setion we illustrate the general onepts that we introdued in the rst
two setions by a spei example of an origami urve in genus 3. In addition to
the general features shared by all origami urves, our origami W has several re-
markable properties whih make it partiularly interesting. We restrit ourselves
to a short desription and refer to [HeS 05℄ for more details and, in partiular,
for proofs.
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3.1 W as an origami
Using the ombinatorial denition of origamis, W an be desribed by 8 squares
that are glued as indiated (edges are glued if they have the same label).
1
// /
\\ \
/ //
\ \\
=
=
 =
=

 =
=

=
=
◦ ◦
• •
• • •
∗ ∗
∗ ∗
✸
✸
✸
✸
Note that every vertex is glued to preisely one of the verties of the square
labeled 1. Euler's formula gives 2− 2g = 8− 16 + 4, thus the genus of W is 3.
The total angle at every vertex is 4π, so they are all ramiation points of order 2
for the overing p : W → E of degree 8 to the torus E. Reall that p is obtained
by mapping eah of the eight squares to E. The map p an be deomposed as
follows: Observe that translation by 2 to the right is an automorphism of W ,
and let q : W → W be the quotient map for this automorphism. Then W is the
origami
whih is
equivalent to
= 
 =
//
//
/
/
◦ ◦
=
 
=
//
//
/
/
Thus W is the torus E. As in Setion 2, we identify E with C/ΛI in suh a way
that the vertex of the square beomes the origin of the group struture. In this
identiation, the 4 verties of W are mapped by q to the points of order 2 on E,
and p is obtained by postomposing q with the multipliation by 2 on E. As usual
(see e. g. [Si 86℄) we all, for n ≥ 2, the points of order dividing n in the group
C/ΛI the n-torsion points of E. They form a group E[n] of order n
2
, isomorphi
to Z/nZ × Z/nZ; in other words, E[n] is the kernel of the multipliation [n] by
n on E.
3.2 The automorphism group of W
W is a Galois origami, i. e. the overing p : W → E is a normal overing. The
Galois group is the quaternion group Q of order 8. This an be seen e. g. by
labeling the squares of W as follows:
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−j j
1 i −1 −i
k −k
// /
\\ \
/ //
\ \\
=
=
 =
=

 =
=

=
=
◦ ◦
As usual, the elements of Q are denoted ±1,±i,±j and ±k, with relations i2 =
j2 = k2 = −1 and ij = k = −ji.
The full automorphism group G of W onsists of the ane dieomorphisms with
derivative I and −I. The rst ones are preisely the elements of Q. G is an
extension of Q of degree 2; more preisely, G is a group of order 16 that ontains
(besides the elements of Q) 6 involutions whih at on W by rotating the squares
by an angle of π; eah of these rotations has four xed points whih are midpoints
either of squares or of edges. The last two elements of G, c and c−1, are the
rotation by π around the four verties, and its inverse; note that c has order 4
sine the total angle at a vertex is 4π. It is a useful observation that c2 equals
the translation by 2 squares (in horizontal or vertial diretion: they are equal!);
thus c2 is the element −1 in Q. Moreover, c generates the enter of G.
3.3 The equation of C(W )
In this setion we determine the origami urve C(W ) by expliitly giving the
algebrai equation of the overing Riemann surfaes. Sine c has 4 xed points,
it follows from the Riemann-Hurwitz formula that W/ < c > has genus 0. Thus
W → W/< c > is a yli overing of degree 4 of the projetive line, branhed
over 4 points whih we an normalize to be 0, 1, ∞ and some parameter λ ∈
P1 − {0, 1,∞}. Therefore, as an algebrai urve, W is given by an equation of
the form
y4 = xε0(x− 1)ε1(x− λ)ελ. (4)
The exponents ε0, ε1 and ελ are determined by the monodromy (whih an be
read o from the origami) and turn out to be 1. The omplex struture on W is
determined by λ up to replaing λ by one of 1
λ
, 1− λ, 1 − 1
λ
,
λ
λ−1
and
1
1−λ
. The
overing q : W → E from Setion 3.1 is given by (x, y) 7→ (x, y2), and E is the
ellipti urve with equation y2 = x(x− 1)(x− λ).
In the last equation, λ is the Legendre parameter of the ellipti urve E. It is
related to the lattie desription E = C/ΛA, A ∈ SL2(R), in Setion 2.3 by
the lassial modular funtion λ on the upper half plane, whih is the universal
overing H→ P1−{0, 1,∞} (see e. g. [FiLi 88, Chap. VI.3℄): For A =
(
a b
c d
)
∈
SL2(R), the omplex torus C/ΛA is biholomorphi to the ellipti urve EλA with
ane equation y2 = x(x − 1)(x − λA), where λA = λ( d·i+bc·i+a). For example, the
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unit lattie ΛI orresponds to λI = −1 (or to λ = 2 or λ = 12 , if we hoose a
dierent basis for ΛI).
The holomorphi dierential ω = p∗(ωE) that aording to the introdution of
Setion 2 determines the translation struture on W , an also be written down
expliitly: it is
ω = p∗(ωE) = q
∗[2]∗(
dx
2y
) = q∗(
dx
y
) =
dx
y2
. (5)
An equivalent form of the equation (4) is
y4 = x4 + 2ax2 + 1 (6)
where now a is in P1 − {1,−1,∞}. The two equations are transformed into
eah other by a projetive hange of oordinates, see e. g. [Gu 01℄. The relation
between λ and a is given by
a =
λ + 1
λ− 1 , λ =
a+ 1
a− 1 . (7)
The result of Setion 3.2 states that, for every admissible value of a (or λ), the
projetive urve given by (6) (resp. by (4)) has an automorphism group ontaining
G. There are preisely two urves in the family that have a larger automorphism
group: one is the Fermat urve y4 = x4 + 1, whih has 96 automorphisms. The
other exeptional urve ours for λ = 1
2
± i
2
√
3; it has 48 automorphisms. See
[KuKo 79℄ for a detailed disussion of these automorphism groups.
3.4 The Veeh group of W
We have seen in Setion 2.2 that the Veeh group of any origami is a subgroup
of SL2(Z) of nite index. For the origami W we have:
Proposition 6. Γ(W ) = SL2(Z).
This an be heked by showing that the two generators of SL2(Z)  e. g. the
matries T =
(
1 1
0 1
)
and S =
(
0 −1
1 0
)
 are in fat ane automorphisms of
W . A more oneptual argument is the following:
Let U = π1(W
∗) be the subgroup of F2 that orresponds to the origami W as
in Setion 2.1. By Setion 3.2, U is the kernel of a surjetive homomorphism
F2 → Q. It is not hard to see that all surjetive homomorphisms F2 → Q have
the same kernel. Therefore U is invariant under all automorphisms of F2, whih
by Theorem B implies that Γ(W ) = SL2(Z).
As a onsequene, H/Γ(W ) is isomorphi to the ane line. It turns out that,
in this ase, the map H/Γ(W ) → C(W ) to the origami urve in M3 (whih by
Theorem A is birational in general) is an isomorphism. Thus we have
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Proposition 7. The origami urve C(W ) is an ane line, embedded into the
moduli spae M3.
3.5 Origami urves rossing W
The origamiW has several other remarkable properties. One of them is that the
Jaobian of eah of the Riemann surfaes Wλ, λ ∈ P1 − {0, 1,∞}, splits (up to
isogeny) into a produt of three ellipti urves, see [HeS 05, Prop. 1.6℄. More
preisely, Ja(Wλ) is isogenous to Eλ×E−1×E−1, where Eλ is the ellipti urve
with equation y2 = x(x− 1)(x− λ) and E−1 (given by the equation y2 = x3 − x)
is independent of λ; see [BiLa 04, Chap. XI℄ for bakground information on
Jaobian varieties of Riemann surfaes. The fat that the Jaobian of the family
of urves dened by W has a onstant part of odimension 1 shows that C(W ) is
a Shimura urve, see [Mö 05℄. In that paper, Möller also shows that among all
Teihmüller urves that are indued by the square of a holomorphi dierential,
C(W ) is the only one that is at the same time a Shimura urve.
For the present note, the following result on C(W ), proved in [HeS 05, Thm. 3.1℄,
is the most interesting:
Theorem C: C(W ) intersets innitely many other origami urves.
Sine all origami urves are dened over number elds, there an be at most
ountably many origami urves that interset a given one. In partiular, their
image in the moduli spae M3 of Riemann surfaes of genus 3 annot be losed.
We shall study the losure of the set of origami urves interseting C(W ) in the
next setion. Here we briey reall how these origamis arise:
We have seen in Setion 3.2 that, for all λ ∈ P1 − {0, 1,∞}, Aut(Wλ) ontains
7 involutions. All of them have 4 xed points on Wλ, so the quotient urve
has genus 1 in all ases. One involution is the translation by 2 squares whih
indues the map q to Eλ, see Setion 3.1. For all the other involutions the entral
automorphism c ∈ Aut(Wλ) desends to an automorphism c¯ of order 4 on the
quotient. Sine c¯ has two xed points, whih we all O andM , the quotient must
be the ellipti urve E−1, and c¯ is a rotation around O and M of angle
π
2
.
Let us denote by σ one of these six involutions and by κ = κλ : Wλ → E−1 the
quotient map. The ramiation points of κ are the four xed points of σ. Their
images P0(λ), . . . , P3(λ) form an orbit under c¯. Choose the xed point O of c¯
as the origin on E−1. Then if P0(λ) is an n-torsion point for some n, the same
holds for P1(λ), P2(λ) and P3(λ). Hene in this ase, [n] ◦ κ is ramied only
over the origin and thus denes an origami. We showed in [HeS 05℄ by expliit
alulations that, for any n ≥ 3 and any n-torsion point P on E−1, there is a
λ ∈ P1 − {0, 1,∞} suh that P0(λ) = P .
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4 The Hurwitz spae H
4.1 The origamis DP
We have seen that, for eah n ≥ 3, every n-torsion point P on the ellipti urve
E−1 : y
2 = x3 − x indues an origami DP of degree 2n2 whose origami urve
C(DP ) intersets the origami urve C(W ). Combinatorially, DP onsists of two
large squares made of n2 small squares eah; the point P = P0 orresponds to a
(primitive) vertex of one of the small squares. P1, P2 and P3 are obtained from
P0 by rotation by an angle of
π
2
, π and 3π
2
, resp., around the enter of the large
square. The two large squares are glued in suh a way that the anonial map (of
degree 2) from the resulting surfae XP to the torus orresponding to the large
square is ramied exatly over P0, P1, P2 and P3. For the preise desription of the
glueing we refer to [HeS 05℄; here we onne ourselves to an example with n = 5:
P ′0
P ′0
P ′1P
′
1
P ′2
P ′2
P ′3 P
′
3
✈
✈
✈✈
✈
✈
✈ ✈
a
b
c
d
O1
q❞
M1q❞
P ′0
P ′0
P ′1P
′
1
P ′2
P ′2
P ′3 P
′
3
✈
✈
✈✈
✈
✈
✈ ✈
c
d
a
b
O2
q❞
M2q❞
Highlighted edges: those with same labels are glued.
Other edges: opposite edges are glued.
Here, P ′0, P
′
1, P
′
2 and P
′
3 are the preimages of the ramiation points P0, P1, P2
and P3, M1 and M2 the preimages of M and O1, O2 the preimages of O, respe-
tively. As in Setion 3.5, O and M denote the xed points of the automorphism
c¯ of order 4 on the torus E.
For n = 3 there are only two dierent possibilities for the orbit P0, P1, P2, P3:
✈
✈
✈
✈
d
a
c
b
✈
✈
✈
✈
c
b
d
a
✇
✇
✇
✇
ba
d
cf
e
h
g
ji
lk
✇
✇
✇
✇
ab
c
de
f
g
h
ij
kl
Highlighted edges: those with same labels are glued.
Other edges: opposite edges are glued.
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In this ase the two orresponding origamis are related by an ane dieomor-
phism whih is given expliitly in [HeS 05, Example 3.4℄; therefore their origami
urves are equal by Proposition 5b).
Let dP : X → E denote the overing of degree 2n2 that denes the origami
DP . Reall from Setion 2.3 that the points on C(DP ) are given by the Riemann
surfaes XA for A ∈ SL2(R). Here XI orresponds to the intersetion point of
C(DP ) with C(W ) desribed in Setion 3.5. The ane dieomorphism c on XI
has derivative S =
(
0 −1
1 0
)
and therefore is not an element of the automorphism
group of DP (f. Setion 3.2). Expliitly, c denes an ane dieomorphism cA
on XA with derivative A · S · A−1 whih, in general, is not holomorphi.
On the other hand, the square τ = c2 of c has derivative −I whih is entral in
SL2(R); therefore τ denes an ane and holomorphi automorphism τA of order
2 and derivative −I on eah XA. By inspetion of the possible positions of P ,
see [HeS 05, Setion 3.2℄, one nds that, in any ase, τ xes the inverse images
of O and M under dP (and no other points of X).
4.2 Coverings with given ramiation data
The origamis DP introdued in the previous setion all are dened by overings
with the same ramiation behaviour. It is lassially known that overings with
a presribed kind of ramiation are lassied by an algebrai variety, alled a
Hurwitz spae.
More preisely Hurwitz spaes lassify overings p : X → Y of ompat Riemann
surfaes with the following data xed: the degree of p, the genus of Y , the number
of ritial points and the ramiation orders of their preimages. It is also possible
to speify a ertain geometri onguration of the ritial points and/or the
monodromy of the overing. Note that one Y and the ritial points of p together
with their ramiation orders are xed, there are only nitely many possibilities
for the monodromy homomorphism µ : π1(Y −{ritial points})→ Sn, where n is
the degree of p. Thus restriting the monodromy typially leads to an irreduible
omponent of the Hurwitz spae dened by the other data.
In our ase, we have overings of degree 2 of an ellipti urve, that are ramied
over 4 points P , P ′, Q, Q′. Moreover, for a suitable hoie of a base point on the
ellipti urve, we have P ′ = −P and Q′ = −Q. Note that we an always ahieve
P ′ = −P by hoosing an appropriate base point; but then Q′ = −Q is a proper
ondition. We annot formulate in an algebrai way the ondition that P0, P1,
P2, P3 form an orbit under the ane dieomorphism c¯A indued by c¯, sine we
saw above that c¯A is in general not an algebrai automorphism on the ellipti
urve EA.
We denote by H˜ the Hurwitz spae of isomorphism lasses of suh overings.
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Thus every element of H˜ is represented by a pair (X, p) where X is a ompat
Riemann surfae and p : X → E is a overing of degree 2 to an ellipti urve E
with a base point O suh that the four ritial points P , Q, P ′, Q′ of p satisfy
P ′ = −P and Q′ = −Q. Two suh overings p : X → E and p′ : X ′ → E ′ are
onsidered equivalent (or isomorphi) if there are isomorphisms ϕ : X → X ′ and
ϕ¯ : E → E ′ suh that p′ ◦ ϕ = ϕ¯ ◦ p.
By the Riemann-Hurwitz formula, for every (X, p) ∈ H˜, the genus of X is 3.
Therefore there is a natural morphism π (of algebrai varieties) from H˜ to the
moduli spae M3 of isomorphism lasses of Riemann surfaes of genus 3.
Proposition 8. Let (X, p) be a point in H˜. Then Aut(X) ontains a subgroup
isomorphi to the Klein four group V4.
Proof. Every overing of degree 2 is normal, therefore there is an automorphism
σ of X that interhanges the two inverse images under p; the ramiation points
P˜ , P˜ ′, Q˜, Q˜′, that are mapped to P , P ′, Q, and Q′ by p, are the xed points of
σ.
Next we want to show that the automorphism [−1] on the ellipti urve E lifts to
an automorphism τ on X of order 2 that ommutes with σ. Note that [−1] also is
an automorphism of E∗∗ := E−{P, P ′, Q,Q′} and thus indues an automorphism
τ˜ of π1(E
∗∗). It follows from surfae topology that [−1] lifts to X if and only if τ˜
preserves the subgroup U of π1(E
∗∗) that orresponds to the unramied overing
p : X − {P˜ , P˜ ′, Q˜, Q˜′} → E∗∗.
We take a xed point Z0 of [−1] as base point for π1(E∗∗). Let lx and ly be simple
geodesi loops around Z0 that are mapped onto their inverses by [−1] and suh
that their homotopy lasses x and y generate π1(E). Together with the loops
lP , lP ′, lQ and lQ′ around the ritial points, we obtain a set of generators for
π1(E
∗∗). Using them, the automorphism τ˜ of order 2 is given by
τ˜ (x) = x−1, τ˜ (y) = y−1, τ˜(lP ) = lP ′, τ˜ (lQ) = lQ′ (8)
The subgroup U is the kernel of the monodromy homomorphism µ = µP :
π1(E
∗∗) → S2. Sine p is ramied over P , P ′, Q and Q′, we have µ(lP ) =
µ(lP ′) = µ(lQ) = µ(lQ′) = (1 2). Moreover µ(x) = µ(x
−1) and µ(y) = µ(y−1),
thus the kernel of µ learly is preserved by τ˜ . Hene τ˜ indues an automorphism
τ of X of order 2 whih by onstrution ats on the bers of p and thus ommutes
with σ.
Note that a overing p : X → E of degree 2 is ompletely determined by its dek
transformation σ. Therfore we an desribe the Hurwitz spae H˜ also as the set
of equivalene lasses of pairs (X, σ), where X is a Riemann surfae of genus
3 and σ ∈ Aut(X) an involution with exatly 4 xed points whose images on
E = X/ < σ > are symmetri w. r. t. some point on E. Aording to the proof
of Proposition 8, the last ondition is equivalent to the existene of a seond
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involution τ whih ommutes with σ.
The equivalene relation an be rewritten as
(X, σ) ∼= (X ′, σ′)⇔ ∃ isomorphism ϕ : X → X ′ s. t. σ′ = ϕσϕ−1 (9)
4.3 Origami urves in H
If we are given an ellipti urve E and four points P , −P , Q, −Q on E, there
are four dierent overings of E of degree 2 that are ramied exatly over these
points: this is due to the fat, pointed out at the end of the proof of Proposition
8, that the monodromy homomorphism µ : π1(E
∗∗) → S2 is xed by these data
exept for the hoie of µ(x) and µ(y). The overing surfae X is hyperellipti
if and only if it admits an involution with 8 xed points. A (general) point
(X, σ) ∈ H˜ has 3 involutions: σ, τ and στ in the notation of Proposition 8. By
denition, σ has 4 xed points. Possible xed points of τ and στ are the inverse
images of the four xed points of [−1] on E. If τ xes exatly 4 of them, the
other four are xed by στ ; if τ has 8 xed points, στ has none, and vie versa. In
partiular, at least one of τ and στ has xed points on X ; thus we may assume
that τ has a xed point.
It is easy to see that for preisely one hoie of the monodromy map, τ has 8
xed points. For the other three hoies of µ, τ and στ have 4 xed points eah.
Denition 9. Let H be the subspae of H˜ that onsists of the pairs (X, σ) for
whih the involution τ has exatly 4 xed points.
For (X, σ) ∈ H , the quotients ofX by the involutions σ, τ and στ all have genus 1.
We shall see in Corollary 14 that for generi (X, σ) ∈ H , Aut(X) = {id, σ, τ, στ};
in partiular, Aut(X) does not ontain an involution with quotient urve isomor-
phi to P
1
, i. e. X is not hyperellipti. Thus we ould alternatively haraterize
H as the losure in H˜ of the set of those (X, σ) for whih X is not hyperellipti.
Remark. For every n-torsion point P on E−1, the origami DP denes an alge-
brai urve CP in H . In the same way, W denes an algebrai urve CW in H .
Namely, π : H˜ → M3 is a nite morphism of varieties, and the origami urves
C(DP ) resp. C(W ) are algebrai urves in M3 whih lie in the image π(H˜). This
was shown in Setion 4.2 for DP and in Setion 3.5 for W . The inverse image
CP := π
−1(C(DP )) resp. CW = π
−1(C(W )) is therefore an algebrai urve in
H˜ . It remains to show that they lie in H . But for CP , this follows from the
observation in Setion 4.1 that the automorphism τ has 4 xed points on every
Riemann surfae XA orresponding to a point (XA, σ) ∈ CP . On W , τ is the au-
tomorphism c2 (or −1 ∈ Q) desribed in Setion 3.2 whih xes the four verties
of the squares.
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Theorem 1. The union of the urves CP , P a torsion point on E−1, is dense in
H.
Proof. We shall prove the statement for the omplex topology on the Hurwitz
spae H . Then it holds a fortiori also for the Zariski topology on the algebrai
variety H .
Let (X, σ) be a point in H with non-hyperellipti X . This point is determined
by an ellipti urve E (with a base point O), two pairs (P,−P ) and (Q,−Q) of
opposite points on E, and a hoie of one of three possible monodromy maps.
Clearly we an approximate P and Q by torsion points, more preisely by pairs
Pn, Qn of n-torsion points for the same n. For a suitable hoie of the monodromy
map, the twofold overing of E ramied over Pn, −Pn, Qn and −Qn then denes
a point (Xn, σn) ∈ H whih is lose to (X, σ). Note that the omposition of the
overing Xn → E of degree 2 with multipliation by n on E is an origami O,
hene (Xn, σn) lies on the inverse image C = π
−1(C(O)) of the origami urve
C(O) in M3. In the sequel, we also all C ⊂ H an origami urve.
We now have to show that there is an n-torsion point P on E−1 suh that
(Xn, σn) ∈ CP . We shall in fat prove the stronger statement C = CP , but
only for the ase that n = p is a prime (whih learly sues to approximate the
original point (X, σ)).
Reall from Proposition 5 that the origami urves C and CP are equal if and
only if the orresponding subgroups U and U ′ of F2 are mapped onto eah
other by an automorphism of F2. If suh an automorphism exists, it is indued
by an ane dieomorphism f¯ : E → E−1 whih transforms the onguration
{Pp, Qp,−Pp,−Qp} of p-torsion points on E to an orbit {P, c¯(P ),−P,−c¯(P )}
under c¯ on E−1 (for some P ), and whih moreover respets the monodromy. We
shall see in the proof of Proposition 18 that, for a given pair of p-torsion points
on E, all three non-hyperellipti hoies of the monodromy map lead to points
on the same origami urve; so we do not have to are about the monodromy.
To nd suh an ane dieomorphism f¯ , onsider a point (X ′, σ′) on the origami
urve C through (Xp, σp) whih lies over the ellipti urve E−1. To (X
′, σ′) there
orresponds an ane transformation A ∈ SL2(R) that maps E into E−1, and Pp
and Qp to p-torsion points on E−1. We identify the group E−1[p] of p-torsion
points on E−1 with (Z/pZ)
2
and keep the notation Pp and Qp for the points in
(Z/pZ)2 indued by the original p-torsion points on E. Thus in order to show
that the origami urves C (dened by O) and CP (dened by P ∈ E−1[p]) are
equal it sues to nd some B ∈ SL2(Z/pZ) and some P ∈ (Z/pZ)2 suh that
{B(Pp), B(Qp)} = {P, c¯(P )}. (10)
Sine c¯ is the rotation by π
2
, it ats on E−1[p] through the matrix S =
(
0 −1
1 0
)
.
Now we identify Z/pZ with the eld Fp and use linear algebra over Fp: we onsider
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Pp and Qp as vetors
(
a
b
)
,
(
c
d
)
in F2p; we may assume that det
(
a c
b d
)
6= 0,
beause we an approximate (X, σ) by p-torsion points that are not ollinear.
Choose M ∈ SL2(Fp) with M(Pp) =
(
1
0
)
, and let
(
u
v
)
= M(Qp). Sine v =
ad− bc is invertible in Fp, we nd a matrix S ′′ ∈ SL2(Fp) with rst olumn
(
u
v
)
and tr(S ′′) = 0. For the onjugate S ′ := M−1S ′′M we then obtain S ′(Pp) = Qp.
We show in Lemma 10 below that S ′ is onjugate to S or to S−1 in SL2(Fp), say
S ′ = B−1SB. Then
SB(Pp) = BS
′(Pp) = B(Qp),
i. e. (10) is satised for P = B(Pp), and the proposition is proved.
Lemma 10. Let p be a prime and T ∈ SL2(Fp) with tr(T ) = 0. Then T is
onjugate in SL2(Fp) to S or to S
−1
, where S =
(
0 −1
1 0
)
.
Proof. First observe that T 2 = −I and the harateristi polynomial of T is
x2 + 1. We distinguish two ases:
1. If p ≡ −1 mod 4, T has no eigenvalue in Fp. Let v1 be any nonzero vetor in F2p
and v2 = Tv1. With respet to the basis v1, v2, T is represented by the matrix S.
Hene T and S are onjugate by an invertible matrix M ∈ GL2(Fp). Replaing
v1, v2 by λv1 and λv2 for some λ ∈ F×p multiplies det(M) by λ2. Thus if the
determinant of the original matrix M was a square in F×p , we an nd a suitable
λ suh that the base hange matrix has determinant 1. Otherwise − det(M) is
a square (sine p ≡ −1 mod 4 and hene −1 is not a square in Fp). We now
replae v2 by −v2 and obtain a base hange matrix with determinant − det(M).
T is onjugate to S−1 in this ase.
2. If p ≡ 1 mod 4, T has two eigenvalues α and −α in Fp (satisfying α2 = −1).
Thus T is onjugate to S˜ =
(
α 0
0 −α
)
by a matrixM whose rows are eigenvetors
of T . Multiplying the rst row ofM by det(M)−1 then yields a base hange matrix
of determinant 1. In partiular, S itself is onjugate to S˜ in SL2(Fp), thus all
other matries T ∈ SL2(Fp) with tr(T ) = 0 are onjugate to S.
4.4 Ane oordinates for H
Proposition 11. For any point (X, σ) ∈ H, X an be represented by a plane
quarti with equation
x4 + y4 + z4 + 2ax2y2 + 2bx2z2 + 2cy2z2 = 0 (11)
for some omplex numbers a, b and c.
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Proof. Sine X is not hyperellipti, the anonial map on X gives an embedding
into the projetive plane as a smooth quarti. Moreover, every automorphism of
X is indued by a projetive automorphism of P2. Thus we an hoose oordinates
on P2 suh that σ ats by (x : y : z) 7→ (−x : y : z) and τ by (x : y : z) 7→
(x : −y : z). Then στ ats by (x : y : z) 7→ (−x : −y : z) = (x : y : −z). A
quarti that is invariant under σ and τ must therefore be a polynomial in x2, y2
and z2. We an still multiply x, y and z by suitable onstants and thus obtain
that the oeients of x4, y4 and z4 are 1, whih gives us an equation of the form
(11).
The equation (11) desribes a family of plane projetive urves of degree 4 over
the ane parameter spae A3(C) = C3. The nonsingular urves in this family
are determined by
Proposition 12. a) The plane urve Cabc with equation (11) is singular if and
only if a = ±1 or b = ±1 or c = ±1 or a2 + b2 + c2 − 2abc− 1 = 0.
b) Let V ⊂ A3(C) be the zero set of the polynomial (a2 − 1)(b2 − 1)(c2 − 1)(a2 +
b2 + c2 − 2abc− 1), U = A3(C)− V and
C = {((x : y : z), (a, b, c)) ∈ P2(C)× U : (x : y : z) ∈ Cabc}.
Then the projetion proj2 : C → U to the seond fator is a family of nonsingular
projetive urves of genus 3.
Proof. The rst part is easily heked using Jaobi's riterion
∂f
∂x
(P ) = ∂f
∂y
(P ) =
∂f
∂z
(P ) = 0 for a singular point P on the plane projetive urve with equation
f = 0. The seond statement is a onsequene of the rst.
It follows from the property ofM3 as a oarse moduli spae, that the mapm : U →
M3 that sends a point (a, b, c) to the isomorphism lass of Cabc, is an algebrai
morphism. To better understand this map we rst determine the automorphisms
of U and of C.
Proposition 13. a) For every (a, b, c) ∈ U , Cabc admits the automorphisms
α : (x : y : z) 7→ (−x : y : z) and β : (x : y : z) 7→ (x : −y : z);
they generate a Klein four group G0 in the group
Aut(C) = {ϕ : C → C : ϕ automorphism, proj2 ◦ ϕ = proj2}
of relative automorphisms of the family C.
b) The group L of linear automorphisms of U is generated by the permutations
of a, b and c, and by the map s : (a, b, c) 7→ (−a,−b, c); L is isomorphi to S4.
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) There is a short exat sequene
1→ G0 → Aut(C)→ L→ 1. (12)
d) Aut(C) has 96 elements and is isomorphi to the automorphism group of the
Fermat urve C000 : x
4 + y4 + z4 = 0.
Proof. a) is obvious.
b) Clearly the group generated by s and the permutations of a, b and c is
ontained in Aut(U), and it is easy to hek that it is isomorphi to S4.
On the other hand, any linear automorphism f of U must permute the six planes
a = ±1, b = ±1 and c = ±1. The nonlinear omponent of V also must be
preserved, whih gives a restrition on the distribution of signs: the produt of
the three signs must be +1. Thus f is in the group generated by S3 and s.
) Observe that every element of L an be lifted to an automorphism of C: For
a permutation of a, b and c, apply the same permutation to z, y and x (in this
order!); s an be lifted to s˜ : ((x : y : z), (a, b, c)) 7→ ((ix : y : z), (−a,−b, c)). The
subgroup G of Aut(C) generated by G0 and these lifts learly ts into the exat
sequene (12). We shall see later that G = Aut(C) (see the remark following
Proposition 16).
d) G has |G0| · |L| = 96 elements, and all of them map C000 onto itself. Reall
that C000 is the Fermat urve of degree 4 and has preisely 96 automorphisms as
we have mentioned in Setion 3.3.
Corollary 14. The kernel of the homomorphism ρ : Aut(C) → Aut(U) is G0.
In partiular, for general (a, b, c) ∈ U , Aut(Cabc) = G0.
Proof. As observed in the proof of Proposition 11, any automorphism of a urve
in C is indued by an automorphism of P2(C). Thus any ϕ ∈ ker(ρ) is a linear
hange of the homogeneous oordinates x, y, z that preserves the terms ax2y2,
bx2z2 and cy2z2 for all (a, b, c) ∈ U . This is only possible if ϕ ∈ G0. Alternatively,
the result an be heked by omparison with the list of automorphism groups in
genus 3 in [KuKo 79℄.
4.5 Maps to moduli spae
In this subsetion we study the relations between the spaes U , H and M3. To
do so, we shall fator the morphism m : U →M3, (a, b, c) 7→ [Cabc], in two ways.
We saw in the proof of Proposition 13 that the subgroup L of Aut(U) is ontained
in the image of the natural homomorphism ρ : Aut(C) → Aut(U). Therefore m
fators through U/L.
On the other hand we know that , for every (a, b, c) ∈ U , Cabc admits the auto-
morphism α : (x : y : z) 7→ (−x : y : z). We nd:
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Proposition 15. (a, b, c) 7→ (Cabc, α) is a surjetive morphism h : U → H.
Proof. The xed points of α in P2(C) are the point (1 : 0 : 0) (whih is not on
Cabc for any (a, b, c) ∈ U) and all points having x = 0. On Cabc there are preisely
4 points (0 : yi : 1) of this form, where the yi are the solutions of y
4+2cy2+1 = 0
(note that they are all dierent beause c2 6= 1). Thus Eabc := Cabc/ < α >
is a urve of genus 1 by the Riemann-Hurwitz formula. To see that (Cabc, α)
denes a point in H , it remains to show that the ritial points of the overing
p : Cabc → Eabc are symmetri w. r. t. an involution [−1]. For this onsider the
automorphism β : (x : y : z) 7→ (x : −y : z) of Cabc whih, like α, is an element of
G0: β also has 4 xed points on Cabc, dierent from those of α, and it maps every
xed point of α to a xed point of α. Sine α and β ommute, β desends to an
involution on Eabc with 4 xed points that ats as [−1] on the ritial points of
p.
This denes the morphism h; the surjetivity of h was proved in Proposition
11.
So far we have found a ommutative diagram
U
h //
q˜

m
""D
D
D
D
D
D
D
D
D
D
D
H
π

U/L q
//M3
The nal goal in this setion is to show
Proposition 16. q is birational.
Remark. From this it follows in partiular that L = ρ(Aut(C)) (beause m also
fators through U/ρ(Aut(C)). Together with Corollary 14 this shows that Aut(C)
ts in the middle of the exat sequene (12), and thereby nishes the proof of
Proposition 13.
Proof of Proposition 16. Sine U is irreduible, the same holds for H , U/L and
their image m(U) ⊂ M3. Moreover all morphisms in the diagram are nite, so
we an ompare their degrees.
Obviously the degree of q˜ is |L| = 24.
Next we observe that deg(π) = 3: Any overing C → E of degree 2 is indued
by an automorphism of order 2 on C. Sine for a general point (C, p) ∈ H ,
C has preisely 3 suh involutions, the degree of π is at most 3. But if some
(C, α) ∈ H would be isomorphi to (C, β) for dierent automorphisms α and
β, these would by (9) have to be onjugate in Aut(C); this is impossible, again
beause Aut(C) = G0 for generi C by Corollary 14.
Finally we laim that h is of degree 8. To see this we have to determine, for
generi (a, b, c) ∈ U , all (a′, b′, c′) suh that there is an isomorphism ϕ : Cabc →
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Ca′b′c′ satisfying ϕαϕ
−1 = α (see (9)). As before, ϕ has to be indued by an
automorphism of P2(C) and, sine we want (a, b, c) to be generi, even by an
automorphism of C.
As a projetive transformation, ϕ ommutes with α if and only if it is given by a
matrix of the form
Dϕ =

v 0 00 r s
0 t u

 ∈ PGL3(C). (13)
The ondition that ϕ maps every urve Cabc to a urve of the same type implies
by a straightforward (but unpleasant) alulation that
v4 = 1 and either t = s = 0, r4 = u4 = 1
or u = r = 0, t4 = s4 = 1
This give 4 · 4 · 4 · 2 matries; multiplying eah entry by a power of i gives the
same element in PGL3(C). Thus we have found a subgroup of order 32 of Aut(C)
that generially determines h. It ontains the kernel G0, therefore its image LH
in L is a subgroup of order 8.
Note: q is not an isomorphism, nor is H isomorphi to U/LH .
This an be seen e. g. by looking at the Fermat urve C000: it is mapped isomor-
phially onto C0,3,0 by the transformation (x : y : z) 7→ (x + z : 4
√
8 y : x − z),
whih does not extend to an automorphism of C sine we have seen in Proposition
13 d) that they all x C000.
5 The Veeh groups to the origamis DP
In this setion we nally study the Veeh groups of the origamisDP introdued in
Setion 4.1 (with P an n-torsion point of E−1). Reall that a subgroup of SL2(Z)
is alled ongruene group of level n, if it ontains the prinipal ongruene group
Γ(n) = {A ∈ SL2(Z)|A ≡ I mod n} and n is minimal with this property. As
before I denotes the identity matrix. We show that the Veeh group Γ(DP ) is
a subgroup of index 3 of a ongruene subgroup of level n (see Proposition 20).
For n odd and P in a somehow general position, we write the Veeh group down
expliitly (see Theorem 2). It is a ongruene group of level 2n.2
Reall from Setion 3.5 and Setion 4.1 that the origami DP is given by a degree
2n2 overing p := dP : X → E−1, where E−1 is the torus endowed with the
translation struture of C/ΛI with ΛI = Z ⊕ Zi. The overing p splits into a
overing κ : X → E−1 of degree 2 and the multipliation by n: [n] : E−1 → E−1.
2
Using similar methods one an alulate the Veeh group for n even and P in general
position and obtains a ongruene group of level n. The proof will be arried out elsewhere.
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κ is the quotient by the translation σ; it is ramied over four points P = P0,
P1, P2 and P3 on E−1. They are symmetri with respet to a rotation c¯ of angle
π
2
. Furthermore, c¯ an be lifted to an automorphism c on X that has four xed
points.
P0
P0
P1P1
P2
P2
P3 P3
B×
✉
✉
✉✉
✉
✉
✉ ✉
O
q❝
Mq❝
c¯ ats on E−1 as rotation of angle π/2 with xed points O and M ,
it preserves {P0, P1, P2, P3} and lifts to c on X.
We all µ the translation struture on X\{ramiation points of p} that is ob-
tained by lifting the one on E−1 = C/(Z+ Zi) via p.
We start from the following two observations (proved in Lemma 17):
• Eah dieomorphism f : X → X whih is ane with respet to µ desends
via κ to an ane dieomorphism f¯ : E−1 → E−1 whih one may write as
f¯ : E−1 → E−1,
(
x
y
)
7→ A
(
x
y
)
+ e with A ∈ SL2(Z) and e ∈ Z2. (14)
In order to make (14) well dened we have to hoose some point to be
O = (0, 0). We hoose one of the two xed points of c¯. Furthermore,
we identify the n-torsion points with (Z/nZ)2 in the natural way . Sine
the four ramiation points are symmetri with respet to c¯, we may write
them as P0 = (p, q), P1 = (−q, p), P2 = (−p,−q) and P3 = (q,−p) with
p, q ∈ Z/nZ.
• Sine f¯ lifts to f via κ, it has to respet the ramiation points, i.e.
f¯(S) = S with S := {(p, q), (−q, p), (−p,−q), (q,−p)} (15)
We then show in Corollary 19, that the group of ane dieomorphisms on X
projets by f 7→ f¯ to a subgroup of index 3 of the group of dieomorphisms on
E−1 that fulll (15). If n is odd, the ane dieomorphisms have to x O (Lemma
17) and fulll an additional ondition (Lemma 21). Using this we write down the
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Veeh groups expliitly for n odd and S in general position.
We will use the haraterization of origami Veeh groups in Theorem B for the
proofs of our laims. Therefore we desribe our setting in terms of subgroups of
F2. We onsider the fundamental groups of the following puntured surfaes:
E∗ := E−1 − {∞}, E[n]∗ := E−1 − [n]−1(∞) and X∗ := X − p−1(∞)
Observe that [n]−1(∞) are preisely the n-torsion points of E−1.
From the morphisms κ, [n] and p = [n] ◦ κ, we get the following embeddings:
U := π1(X
∗) ⊆ Hn := π1(E[n]∗) ⊆ π1(E∗) = F2
As in Theorem B the group F2 = F2(x, y) is the free group on the two generators
x and y. Observe that
Hn = kernel(projn) with projn : F2 → (Z/nZ)2, x 7→
(
1
0
)
, y 7→
(
0
1
)
In partiular, Hn is a harateristi subgroup of F2.
Desription of the n-torsion points on E
−1 in terms of these groups:
The n-torsion points are preisely the usps of E[n]∗ = H/Hn. Hene, they or-
respond to the equivalene lasses of the elements w[x, y]w−1 ∈ Hn, with w ∈ F2
and w1[x, y]w
−1
1 ∼ w2[x, y]w−12 :⇔ w1w−12 ∈ Hn ⇔ projn(w1) = projn(w2).
We may hoose the base point B of the fundamental group π1(H/Hn) suh that
[x, y] is the loop around the usp (0, 0) (see the Figure of E−1 on page 24). Then
la,b := x
ayb[x, y]y−bx−a with a, b ∈ {0, . . . , n − 1} is the loop around the usp
(a¯, b¯), and these loops form a system of representatives for the equivalene lasses.
Desription of U by monodromy of κ:
Sine κ : X → E−1 is a morphism of degree 2, U is a normal subgroup of Hn of
index 2. Thus it is the kernel of a monodromy map µ : Hn → S2.
From the ramiation data of κ and the orrespondene between the usps of
E[n]∗ and the equivalene lasses of loops around usps it follows that
µ(la,b) =
(
1 2
) ⇐⇒ (a¯, b¯) ∈ S = {(p, q), (−q, p), (−p,−q), (q,−p)}. (16)
Here, a¯, b¯ are the images of a, b in Z/nZ. In the following we will also write
la,b ∈ S meaning that (a¯, b¯) ∈ S and more generally l ∈ S, if l is a loop equivalent
to some la,b ∈ S, i.e. if l is a loop around a ramiation point.
Sine E[n]∗ is a torus with n2 puntures, its fundamental group Hn is generated
by the simple loops xn, yn and the n2 loops la,b around the puntures. (More
preisely the fundamental group is the free group in n2 + 1 generators and we
ould omit one of the loops around a punture. But sine there is none better
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than the other, we take all of them.)
There are preisely four maps µ1, µ2, µ3, µ4 : Hn → S2 fullling (16): The images
of the loops around the usps are given by (16). For the other two generators x
and y one has the following four possibilities
µ1 : x
n 7→ (1 2) , yn 7→ (1 2) , µ2 : xn 7→ id, yn 7→ id,
µ3 : x
n 7→ (1 2) , yn 7→ id, µ4 : xn 7→ id, yn 7→ (1 2)
They orrespond preisely to the four possible overings ramied over the four
given points in S that we desribed in Setion 4.2. The overings are the maps
H/Ui → H/Hn with Ui := kernel(µi), (17)
indued by the inlusions Ui ⊆ Hn.
Ane dieomorphisms:
Let us hoose a universal overing u : H→ X∗. We obtain the sequene:
H
u→ X∗ κ→ E−1 [n]→ E−1.
Reall from the remark to Theorem B that for the group A(H, u) of dieomor-
phisms that are ane with respet to the translation struture lifted from X∗
via u (whih is the same as the one lifted from E∗ via [n] ◦ κ ◦ u), one has the
following orrespondene:
A(H, u) ∼= Aut+(F2) by ∗ : f˜ 7→ f˜ ∗ := (x 7→ f˜xf˜−1) ∈ Aut+(F2)
An ane dieomorphism f˜ desends to a surfae H/H (H ⊂ F2) if and only if
f˜ ∗(H) = H . The Veeh group of H/H is by Theorem B:
Γ(H/H) = βˆ(Stab(H)) with Stab(H) = {γ ∈ Aut+(F2)| γ(H) = H}.
Suppose now, that f is an ane dieomorphism of X∗.
Lemma 17. f desends via κ to an ane dieomorphism f¯ on E−1 xing the
set S of ramiation points of κ. If n > 1 is odd and P = (p, q) is a primitive
n-torsion point (i.e. n is the smallest number suh that n · P = 0), then f¯ has a
xed point at the n-torsion point O = (0, 0).
Proof. Let f˜ be a lift of f to H via u. Sine Hn is harateristi, one has:
f˜ ∗(Hn) = Hn. Therefore, by the paragraph before Lemma 17, it follows that f
desends via κ to E[n]∗ = H/Hn. We may extend this map to a dieomorphism
f¯ of the whole surfae E−1 and write it as
f¯ : z 7→ Az + e with A ∈ SL2(Z) and e ∈ Z2.
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f¯ ats on the set of usps, i.e. on the n-torsion points of E−1. Sine it an be lifted
to X via κ, it maps the ramiation points of κ to themselves, i. e. f¯(S) = S.
Let n be odd. We have to show that e ≡ (0, 0)t mod n. We have:
f¯(
(
p
q
)
) + f¯(
(−p
−q
)
) ≡ f¯(
(−q
p
)
) + f¯(
(
q
−p
)
) ≡ 2e mod n. (18)
There are three possibilities to subdivide S into two pairs. By (18) the two sums
should be equal mod n:
(
p− q
q + p
)
=
(−p + q
−q − p
)
,
(
p+ q
q − p
)
=
(−p− q
p− q
)
,
(
0
0
)
=
(
0
0
)
in Z/nZ
In the rst two ases one obtains: 2(p− q) ≡ 0 and 2(p+ q) ≡ 0. Hene, 4p ≡ 0
and 4q ≡ 0. But P = (p, q) is a primitive n-torsion point and n is odd, therefore
only the third ase is possible and 2e ≡ (0, 0)t mod n. Sine n is odd, e ≡ (0, 0)t
mod n.
It follows from Lemma 17 that in order to obtain the Veeh group of DP , we may
restrit to ane dieomorphisms of E−1 that x the set S. By the orrespondene
between loops around the usps ofH/Hn and the n-torsion points of E−1, we have:
f˜ ∈ A(H, u) desends via κ ◦ u to an ane dieomorphism f¯ on E−1 that xes S
⇐⇒ f˜ ∗ ∈ G˜ := {γ ∈ Aut+(F2)| γ(la,b) ∈ S ⇔ la,b ∈ S}
(19)
Proposition 18. Stab(U) is a subgroup of G˜ of index 3.
Proof. We rst show that Stab(U) ⊆ G˜:
Let γ be in Stab(U). With (16), it follows for all loops around usps la,b:
la,b ∈ S ⇐⇒ µ(la,b) 6= id ⇐⇒ la,b /∈ U γ(U)=U⇐⇒ γ(la,b) /∈ U
⇐⇒ µ(γ(la,b)) 6= id ⇐⇒ γ(la,b) ∈ S
Thus γ ∈ G˜ and Stab(U) ⊆ G˜. In fat, this was a group theoretial onrmation
for the fat that f¯ has to respet the ramiation points, if it lifts via κ to X .
In order to obtain the index, we study the ation of G˜ on the set {U1, U2, U3, U4}
given by Ui 7→ γ(Ui). By the denition of G˜, it ats on these four groups, sine
they are preisely those groups that have the same monodromy on the loops
around usps as U .
Stab(U) ⊆ G˜ is the stabilizing group of U ∈ {U1, U2, U3, U4}. Therefore the index
[G˜ : Stab(U)] of Stab(U) in G˜ is equal to the length of the orbit G˜ · U . We will
see that there are two orbits: one onsisting of a single subgroup, the other one
onsisting of the remaining three subgroups inluding U . This then proves the
laim.
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Let us onsider the Riemann surfaes H/U1, H/U2, H/U3 and H/U4. Reall that
they are the four possible degree 2 overings of E−1 = H/Hn with ramiation
lous equal to S. Reall furthermore from 4.2 that preisely one of them, let us say
H/Uj , is hyperellipti. But for eah γ the surfae H/γ(Uj) is again hyperellipti:
By the remark to Theorem B, γ denes an ane dieomorphism f˜ on H with
f˜ ∗ = γ. Then f˜ desends to an ane dieomorphism f : H/Uj → H/γ(Uj). Let
A ∈ SL2(Z) be its derivative. We may onjugate the hyperellipti involution τ on
H/Uj with f and obtain the ane map fτf
−1
of derivative A · (−I) · A−1 = −I
on H/γ(Uj), where I is the identity matrix. Sine the derivative is −I, it is an
automorphism. Furthermore, the degree and number of xed points are the same
as those of τ on H/Uj , therefore it is also a hyperellipti involution.
But only for i = j, H/Ui is hyperellipti. Therefore γ(Uj) = Uj .
It remains to show that the other three groups form only one orbit. Let γ1 and
γ2 be the automorphisms
γ1 : F2 → F2, x 7→ xyx−1, y 7→ x−1 and γ2 : F2 → F2, x 7→ x, y 7→ yxn
One an hek that they are both in G˜. A more geometrial argument is given as
follows: Reall that we had hosen the identiation of the n-torsion points with
(Z/nZ)2 suh that (0, 0) is a xed point of c¯ and therefore also of [−1] = c¯2.
By the remark to Theorem B and the fat that Hn is harateristi, γ1 and γ2
dene ane dieomorphisms f¯1, resp. f¯2, on H/Hn = E
[n]∗
with derivative
A1 =
(
0 −1
1 0
)
, respetively A2 =
(
1 n
0 1
)
,
whih we may again extend to dieomorphisms of E−1.
Observe that both γ1 and γ2 map [x, y] to itself, thus f¯1 and f¯2 have a xed point
in (0, 0). It follows that the ation of γ1 and γ2 on the equivalene lasses of loops
w[x, y]w−1 is equal to the ation of the derivatives A1 (resp. A2) on (Z/nZ)
2
.
A1 and A2 both x S and thus γ1 and γ2 are in G˜ (see (19)).
In the following we determine the orbits of γ1 and γ2 on M := {U1, U2, U3, U4}.
We have:
γ1(x
n) = xynx−1, γ1(y
n) = x−n and γ2(x
n) = xn, γ2(y
n) = (yxn)n
For i ∈ {1, . . . , 4}, one obtains: µi(γ1(yn)) = µi(x−n) inS2= µi(xn).
For the alulation of µi(γ1(x
n)), one has to deompose xynx−1 into the hosen
generators: µi(γ1(x
n)) = µi(xy
nx−1) = µi(l0,0l0,1 . . . l0,n−1y
n).
Reall that µi(la,b) =
(
1 2
)
if and only if (a, b) is a ramiation point. But sine
the four ramiation points are symmetri with respet to (0, 0), either zero or
two of them are of the form (0, b). Therefore the monodromy of the loops around
usps in µi(γ1(x
n)) adds up to id and we have: µi(γ1(x
n)) = µi(y
n).
5 THE VEECH GROUPS TO THE ORIGAMIS DP 29
From the alulations of µi(γ1(x
n)) and µi(γ1(y
n)) it follows that γ1 ats in the
following way:
γ1 : U1 7→ U1, U2, 7→ U2, U3 7→ U4, U4 7→ U3
Let us now study γ2: Obviously one has µi(γ2(x
n)) = µi(x
n). For alulating
µi(γ2(y
n)), one observes similarly as above that (yxn)n an be written as produt,
where the fators are xn, n times yn, and loops around usps. Here the sum of
the monodromies of the usps depends on the position of P , therefore one obtains
two ases. If the sum is id one has
µi(γ2)(y
n) = µi(x
n) + n · µi(yn) n odd= µi(xn) + µi(yn)
and the ation of γ2 on M is given by:
γ2 : U1 7→ U3, U2, 7→ U2, U3 7→ U1, U4 7→ U4
If the sum of the monodromies of the loops around usps in (yxn)n is
(
1 2
)
,
then
µi(γ2)(y
n) = µi(x
n) + n · µi(yn) +
(
1 2
) n odd
= µi(x
n) + µi(y
n) +
(
1 2
)
and the ation of γ2 is given by:
γ2 : U1 7→ U1, U2, 7→ U4, U3 7→ U3, U4 7→ U2.
In both ases the ation of G˜ has an orbit of 3 elements. This nishes the
proof.
From the proposition we obtain the following two onlusions.
Corollary 19. The group of ane dieomorphisms on E−1 that lift via κ to X
is a subgroup of index 3 of the group of ane dieomorphisms on E−1 that x S.
Proof. The isomorphism ⋆ : A(H, u)
∼→ Aut+(F2) indues the following isomor-
phisms:
G˜ ∼= {f˜ ∈ A(H, u)| f¯ xes S} and
Stab(U) ∼= {f˜ ∈ A(H, u)| f¯ lifts to X}. (20)
We denote as before by f¯ the ane dieomorphism on E−1 to whih f˜ desends
via κ ◦ u. Observe that, furthermore, the group of dek transformations of κ ◦ u :
H → E−1 orresponds by ⋆ to the group CHn ⊆ Aut+(F2) of onjugations with
elements in Hn. Taking in (20) the quotient by CHn, the laim follows from the
proposition.
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Corollary 20. Γ(DP ) is a subgroup of index 3 in βˆ(G˜), where βˆ : Aut
+(F2) →
SL2(Z) is as in Theorem B. If n is odd, then βˆ(G˜) = Stab(S), with
Stab(S) = {A ∈ SL2(Z)|A · S = S}.
Proof. The rst laim follows from Proposition 18, Theorem B, and the following
ommutative diagram:
1 // Inn(F2) ∼= F2 // Aut+(F2) βˆ // SL2(Z) // 1
1 // Hn //
?
OO
G˜ //
?
OO
βˆ(G˜) //
?
OO
1
1 // Hn // Stab(U) //
?
OO
Γ(DP ) //
?
OO
1
G˜ projets to the group of ane dieomorphisms f¯ : z 7→ Az + e on E−1 that
map S to itself. If n is odd, e = 0 by Lemma 17. Therefore A xes S itself.
In order to obtain a further ondition for an ane dieomorphism f on X , we
study how the ane dieomorphism f¯ : E−1 → E−1 to whih f desends ats on
the 2-torsion points of E−1. The four 2-torsion points are O = (0, 0),M = (
n
2
, n
2
),
(n
2
, 0) and (0, n
2
). If n is odd, then O is a xed point of f¯ by Lemma 17. For
this ondition, we just needed that f¯ stabilizes S. In the following Lemma we
atually have to use that f¯ lifts to X .
Lemma 21. Let f ∈ A(X, µ). If n is odd, then f¯ xes M and we have:
Γ(DP ) ⊆ Γu,u := {A ∈ SL2(Z) | A ≡
(
1 0
0 1
)
or A ≡
(
0 −1
1 0
)
mod 2}
Proof. Reall that −I = c¯2 is the rotation on E−1 of angle π and has xed points
M and O. It an be lifted to the automorphism τ on X for whih the two
preimages O1 and O2 of O and the two preimages M1 and M2 of M are xed
points (see Setion 4.1). Geometrially τ is a rotation of degree π of the two
squares that form X .
Let A be the derivative of f . Then τ−1f−1τf is an ane dieomorphism of X
with derivative −IA−1(−I)A = I. Hene, it is in fat a translation.
Furthermore, f¯(O) = O by Lemma 17. Therefore f either xes O1 and O2 or it
interhanges them. Sine they are both xed points of τ , we get in both ases:
f−1τ−1fτ(O1) = O1.
Hene f−1τ−1fτ is a translation and has a xed point that is not a ramiation
point; thus: f−1τ−1fτ = id. It follows that τ(f(M1) = f(τ(M1)) = f(M1).
Hene, f(M1) is also a xed point of τ and thus one of the points O1, O2, M1 and
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M2. But f¯(O) = O, therefore f(M1) ∈ {M1,M2} and f¯(M) = M . This proves
the rst part of the laim.
Let us now write f¯ as f¯ : z 7→ Az+ e n odd= Az with A ∈ SL2(Z). The oordinates
of M are (n
2
, n
2
). It follows that
(n
2
n
2
)
≡ A ·
(n
2
n
2
)
=
n
2
·
(
a+ b
c+ d
)
mod n with A =
(
a b
c d
)
Thus a+ b and c+ d have to be odd. This is equivalent with A being in Γu,u.
We may now use these onditions in order to alulate the Veeh groups expliitly
if n is odd and P = P0 = (p, q) and P1 = (−q, p) are in general position, i.e.:
B¯ =
(
p −q
q p
)
is invertible over Z/nZ. (21)
Theorem 2. Let n be odd and P = (p, q) be an n-torsion point suh that P and
P1 = c¯(P ) = (q,−p) are in general position in the sense explained above. Then
Γ(DP ) = {A ∈ SL2(Z)|A ≡ ±
(
1 0
0 1
)
or A ≡ ±
(
0 −1
1 0
)
mod n}
∩ {A ∈ SL2(Z)|A ≡ ±
(
1 0
0 1
)
or A ≡ ±
(
0 −1
1 0
)
mod 2}
= {A =
(
a b
c d
)
∈ SL2(Z)| a+ c and b+ d odd and
(A ≡ ±
(
1 0
0 1
)
or A ≡ ±
(
0 −1
1 0
)
mod n)}
Proof. We proeed in two steps:
First step:
We rst determine Stab(S). We have:
A ∈ Stab(S)
⇔ A · S = S with S = {b1 :=
(
p
q
)
, b2 :=
(−q
p
)
, b3 :=
(−p
−q
)
, b4 :=
(
q
−p
)
}
⇔ A¯ · S = S, where A¯ is the image of A in SL2(Z/nZ).
Therefore Stab(S) is a ongruene group of level n. We shall show that its image
in SL2(Z/nZ) is equal to:
Γ¯S := {±
(
1 0
0 1
)
,±
(
0 −1
1 0
)
} ⊆ SL2(Z/nZ)
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Observe that these four matries map S to itself. Hene Γ¯S is ontained in the
image of Stab(S). Let now A¯ be a matrix in the image, i.e. A¯ · S = S. We have
to show that A¯ is in Γ¯S.
By the denition of B¯ ∈ GL2(Z/nZ) in (21), we have A¯ · B¯ = (A¯ · b1, A¯ · b2),
where (A¯ · b1, A¯ · b2) is the matrix whose rst olumn is A¯b1 and whose seond
olumn is A¯b2. Its determinant is equal to det(A¯) · det(B¯) = det(B¯). Dene
d := det(B¯) = p2 + q2 ∈ (Z/nZ)×. We onsider now the following four ases:
Case 1: A¯b1 = b1.
b2 is the only element of S suh that the determinant of the matrix (b1, b2) is
equal to d. Hene it follows from the above that A¯ · b2 = b2. Thus:
A¯ · B¯ = B¯ B¯∈GL2(Z/nZ)=⇒ A¯ = I¯, with I¯ the identity matrix in SL2(Z/nZ).
In the other three ases, namely A¯ · b1 = b2, A¯ · b1 = b3 and A¯ · b1 = b4, we
similarly obtain:
A¯ =
(
0 −1
1 0
)
, A¯ =
(−1 0
0 −1
)
and A¯ =
(
0 1
−1 0
)
.
Hene, Γ¯S is the full image of Stab(S) in SL2(Z/nZ) and Stab(S) is the preimage
of Γ¯S in SL2(Z).
Seond step: For any k ∈ N let pk : SL2(Z) → SL2(Z/kZ) be the natural
projetion. We determine the Veeh group Γ(DP ) as subgroup of ΓS := p
−1
n (Γ¯S).
From Corollary 20 and Lemma 21 it follows that
Γ(DP ) ⊆ Stab(S) ∩ Γu,u = ΓS ∩ Γu,u =: Γ. (22)
We show that the index [ΓS : Γ] of Γ in ΓS = Stab(S) is equal to 3. It then
follows that we have equality in (22), sine [ΓS : Γ(DP )] is also equal to 3 by
Proposition 18. This nishes the proof.
ΓS and Γ are both ongruene groups of level 2n. Hene we may as well show that
their images in SL2(Z/2nZ) dier by index 3, i.e. that [p2n(ΓS) : p2n(Γ)] = 3.
Reall that SL2(Z/2nZ) ∼= SL2(Z/nZ) × SL2(Z/2Z), sine gcd(2, n) = 1. Thus
we have:
p2n(ΓS) = {A ∈ SL2(Z/2nZ)| A ≡ ±I,±
(
0 −1
1 0
)
mod n}
∼= pn(ΓS)× SL2(Z/2Z) ⊆ SL2(Z/nZ)× SL2(Z/2Z)
p2n(Γ) = {A ∈ SL2(Z/2nZ)| A ≡ ±I,±
(
0 −1
1 0
)
mod n and
A ≡ I,
(
0 −1
1 0
)
mod 2}
∼= pn(ΓS)× {I,
(
0 −1
1 0
)
} ⊆ SL2(Z/nZ)× SL2(Z/2Z)
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Thus, [ΓS : Γ] = [p2n(ΓS) : p2n(Γ)) = |SL2(Z/2Z)|/2 = 3.
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